Abstract. A ring A is Hopfian if A cannot be isomorphic to a proper homomorphic image A/J. A is Bassian, if there cannot be an injection of A into a proper homomorphic image A/J. We consider classes of Hopfian and Bassian rings, and tie representability of algebras and chain conditions on ideals to these properties. In particular, any semiprime algebra satisfying the ACC on semiprime ideals is Hopfian, and any semiprime affine PI-algebra over a field is Bassian.
Introduction
By "affine" we mean finitely generated as an algebra over a Noetherian commutative base ring, often a field. In this paper we are interested in structural properties of affine algebras, especially those satisfying a polynomial identity (PI). Although there is an extensive literature on affine PI-algebras, several properties involving endomorphisms have not yet been fully investigated, so that is the subject of this note.
The main objective in this paper is to study the Hopfian property, that an algebra A cannot be isomorphic to a proper homomorphic image A/J for any 0 = J ⊳ A. We review some known facts (some of which have appeared in print) and verify the Hopfian property in one more case: Theorem 2.10. Every weakly representable affine algebra over a commutative Noetherian ring is Hopfian.
We also consider an even stronger property, the Bassian property, that there cannot be an injection of A into a proper homomorphic image of A.
Theorem 3.10. Any semiprime affine PI-algebra A over a field F is Bassian.
We need a nicely behaved dimension with which to work, and for this purpose recall the Gelfand-Kirillov dimension of an affine algebra A = F {a 1 , . . . , a ℓ }, which is GKdim(A) := lim n→∞ log n d n , where A n = n F a i 1 · · · a in and d n = dim F A n .
The standard reference on Gelfand-Kirillov dimension is [15] , from which we recall some well-known facts:
• GKdim(A) is independent of the choice of generating set {a 1 , . . . , a ℓ } of A.
• If A ⊂ A ′ then GKdim(A) ≤ GKdim(A ′ ).
• GKdim(A) ≥ GKdim(A/I) for every ideal I of A.
• GKdim(A) > GKdim(A/I) for every ideal I of A containing a regular element of A.
• If A is a finite subdirect product of algebras A I 1 , . . . , A It , then GKdim(A) = max{GKdim(A/I j ) : 1 ≤ j ≤ t}.
• The GK dimension of any algebra finite over A equals GKdim(A).
Hopfian rings
Definition 2.1. A ring is residually finite if it is a subdirect product of finite rings.
An algebra over a field is residually finite dimensional if it is a subdirect product of finite dimensional algebras.
Remarks 2.2.
• Any finite ring is Hopfian, since any onto map must be 1:1 by the pigeonhole principle.
• [21] Any commutative affine algebra over a field is Hopfian.
• [22] Any commutative affine algebra over a commutative ring C is Hopfian with respect to C-homomorphisms.
• [3] There is an affine PI-algebra over a field, that is not Hopfian.
• Malt'sev proved that the free algebra is Hopfian, a fact used in [11] in conjunction with the Jacobian conjecture. Short proofs are given in [10] , [22] , and [6] , the latter using GK dimension.
• [16, Theorem 3] Every residually finite ring is Hopfian, proved by Lewin via the fact that any subring of finite index in a finitely generated ring is also finitely generated.
• Malt'sev proved that residually finite dimensional (called approximable in [7, 8] )
affine algebras over a field are all Hopfian.
• Positively graded affine algebras are residually finite dimensional, and thus Hopfian.
• Malt'sev also proved that every representable affine algebra over a field is residually finite dimensional and thus Hopfian, cf. [7, Theorems 5 and 6].
• The enveloping algebra of the positive part of the Witt algebra is positively graded and thus Hopfian. But it is not known whether the enveloping algebra of the Witt algebra itself is Hopfian.
• On the other hand, Irving [14] produced a graded affine PI-algebra over a field, that is not representable but is positively graded and thus Hopfian.
• [18, 19] If the enveloping algebra of a Lie algebra L is residually finite dimensional, then L is residually finite dimensional as a Lie algebra.
For a given property designated P, we say that an algebra A satisfies ACC(P) if any ascending chain of ideals J 1 ⊆ J 2 ⊆ . . . for which each A/J i has property P, must stabilize. The following obvious observation is crucial. Lemma 2.3. For any given property P, if every proper homomorphic image of A satisfies ACC(P), then A is Hopfian.
Proof. Otherwise take J 1 such that ϕ : A ∼ = A/J 1 , and
In particular, we have the following instant consequences: Corollary 2.4. Any algebra satisfying the ACC on two-sided ideals is Hopfian.
Corollary 2.5. Any prime ring A satisfying ACC(prime ideals) is Hopfian.
We say that an ideal P is completely prime if A/P is a domain. Corollary 2.6. Any domain A satisfying ACC(completely prime ideals) is Hopfian.
Proof. Otherwise taking ϕ : A ∼ = A/J ⊆ A, we see that J is a completely prime ideal, so we use the previous argument of Lemma 2.3.
We turn to semiprime rings. Suppose J ⊳ A. √ J, called the prime radical of the ideal J, denotes the intersection of the prime ideals containing J. The ideal J is
Corollary 2.7. Any semiprime ring satisfying the ACC on semiprime ideals is Hopfian.
Proof. Property P now says J is an ideal such that A ∼ = A/J. Then clearly the ideal J is semiprime, so Lemma 2.3 is applicable.
This applies in particular to affine PI-algebras (although this result is improved in Theorem 3.10), and many enveloping algebras of Lie algebras. Note that Remark 2.2 gives a counterexample for non-semiprime rings.
Corollary 2.7 motivates us to study the ACC on semiprime ideals. There is a natural criterion in terms of the prime spectrum.
We say that a decomposition J = P 1 ∩ . . . P t as an intersection of prime ideals is irredundant if P i ⊆ P j for each i, j.
Lemma 2.8. Any irredundant decomposition J = P 1 ∩ . . . P t of J is unique (up to permutation), and thus consists of minimal prime ideals.
The second assertion follows when we replace each P i by a prime ideal contained in P i that is minimal over J. Proposition 2.9. A ring A satisfies the ACC on semiprime ideals, iff A satisfies the ACC on prime ideals, with each semiprime ideal being the intersection of of finitely many prime ideals.
Proof. In either direction, we may assume that A is semiprime by modding out some ideal in the chain. (⇒) is a standard Noetherian-type induction argument, cf. [24, Proposition 2.3].
(⇐) We define the depth of a semiprime ideal J to be the size of an irredundant decomposition, i.e., the minimal number of prime ideals whose intersection is J, and for any infinite ascending chain of semiprime ideals 0 = J 1 ⊆ J 2 ⊆ . . . , we induct on the depth vector d = (d 1 , d 2 , . . . ) (lexicographic order) where d i is the depth of J i . Namely, we assume that there are no infinite chains of depth < d, and want to prove that there are no infinite chains of depth d. (The assumption is vacuous for
We take a semiprime ideal P of depth d maximal with respect to the assertion failing in A/P ; passing to A/P we may assume that the assertion holds in every proper homomorphic image of A. Write J 1 = P 1 ∩ · · · ∩ P t and J 2 = Q 1 ∩ · · · ∩ Q t ′ for prime ideals P j and Q j As in the proof of Lemma 2.8, for each Q j we have some P i(j) ⊆ Q j . Clearly ∩ j P i(j) ⊆ ∩ j Q j = J 2 , so we could discard any i not appearing as an i j and conclude by induction on depth. Hence all the i appear as i(j) for suitable j, and we could build an infinite ascending sequence of prime ideals, contrary to assumption.
The ACC on semiprime ideals also comes up in [17, Proposition 14] . But we can push these ideas further. Following Malt'sev and Amitsur [1] , we define property Emb n to be that A/J i can be embedded in matrix rings M n (K i ) over commutative ring K i , with n bounded.
Amitsur
We can get information about the kernel of an epimorphism from the following observation.
Lemma 2.11. ϕ(J) ⊆ J for any epimorphism ϕ of A, and thus ϕ induces an epimorphism ϕ of A/J, under any of the following conditions:
• J is the prime radical of A.
• J is the upper nilradical of A.
• J is the Jacobson radical of A.
Proof. ϕ(J) is an ideal since ϕ is onto, and it is built up inductively from nilpotent (resp. nil, resp. quasi-invertible) ideals, so is contained in J. But this means ϕ induces a homomorphism of A/J to itself, which clearly is onto.
Proposition 2.12. Under the hypotheses and notation of Lemma 2.11, if ϕ is any epimorphism of A with A/J Hopfian, then ker ϕ ⊆ J.
Proof. ker ϕ/J = 0.
Corollary 2.13. If A satisfies ACC(semiprime ideals) and ϕ is an epimorphism of A, then ker ϕ is contained in the prime radical of J.
Hopfian modules.
Ironically, we get more at times with a stronger definition when we turn to modules.
Definition 2.14. An A-module M is Hopfian if every epimorphism M → M is an isomorphism.
Note that this generalizes the definition for rings, since we can always take A to be an A op ⊗ A bimodule. As above, for a given property designated P, we say that a module M satisfies ACC(P) if any ascending chain of submodules N 1 ⊆ N 2 ⊆ . . . for which each M/N i has property P, must stabilize. We have the following analog of Lemma 2.3.
Lemma 2.15. For any given property P, if M has property P and every proper homomorphic image of M satisfies ACC(P), then M is Hopfian. Proof. Property P is vacuous.
In fact, any finitely generated module over a commutative ring is Hopfian, by a theorem of Vasconcelos [27] , with a short proof in [22] .
Bassian rings
Bass [4] strengthened the Hopfian property. Write Z(A) for the center of A. Proof. Given an epimorphism ϕ : A → A which is not injective, we take J = ker ϕ and have an isomorphism A/J → A, implying J = 0.
In this way, Bassian is a natural generalization of Hopfian. Recall from [20] that an algebra is called an almost PI-algebra if A is not PI (polynomial identity) but A/I is PI for each nonzero ideal I of A.
Likewise, an algebra over a field is nearly finite dimensional if A is not finite dimensional but A/I is finite dimensional for each nonzero ideal I of A, [13] .
Proposition 3.7. Any almost PI-algebra (resp. nearly finite dimensional algebra) is Bassian.
Proof. A is not PI but A/I is PI, so cannot be isomorphic to A. Likewise for nearly finite dimensional algebras.
But here is an example of a different flavor altogether.
Example 3.8. Although Hopfian, the free algebra F m := F {x 1 , . . . , x m } (m ≤ 3) is far from Bassian. Indeed, it is well-known that F 2 contains the free algebra as generated by
Lemma 3.9. If A satisfies the ACC on semiprime ideals, then there is an ideal J ⊳ A maximal for which we have an embedding f : A → A/J, and that J is a semiprime ideal.
Proof. Take a semiprime ideal J 0 ⊳ A maximal for semiprime ideals for which we have an embedding f : A → A/J 0 . We claim that J = J 0 . Otherwise there is some J 1 ⊳ A properly containing J 0 , maximal for which we have an embedding f : A → A/J 1 . The
is injective, implying that we could replace J 1 by √ J 1 , which is semiprime, so by maximality of J 0 , we see that
Bass [4, Theorem 1.1] proved that if A is commutative reduced and finitely presented, then it is Bassian. The main result of this note is a noncommutative generalization. Theorem 3.10. Any semiprime affine PI-algebra A over a field K is Bassian.
Proof. We recall some well-known basic facts about a semiprime affine PI-algebra A over a field, taken from [25] .
• A satisfies the ACC on semiprime ideals, and thus, A has a finite number of minimal prime ideals P 1 ∩ · · · ∩ P ℓ , whose intersection is 0.
• A is Goldie, and its ring of fractions Q(A) is obtained by inverting regular central elements, and
• If J is an annihilator left ideal of A, then Q(A)J is an annihilator left ideal of Q(A), and taking right annihilators yields a 1:1 correspondence between left and right annihilators. We follow Bass' proof, using the PI-structure theory where appropriate. Given an injection A → A/J, we want to show that J = 0. By Lemma 3.9 we may assume that J is semiprime, since A satisfies the ACC on semiprime ideals. Hence, for some t,
, an irredundant intersection of prime ideals of A, which thus are minimal prime over J. But furthermore J cannot contain any regular elements since GKdim A/J ≥ GKdim A. Reordering the P ′ i , we may assume that
We consider the function ℓ(R) for the length of a maximal chain of left annihilator ideals of a ring R. It is well-known that ℓ(W ) ≤ ℓ(R) for any subring W of R, since any chain Ann R (S 1 ) ⊂ Ann R (S 1 ) ⊂ . . . lifts to a chain Ann W (S 1 ) ⊂ Ann W (S 1 ) ⊂ . . . (which will intersect back to the original chain). In particular, noting that
Together we get
Reviewing the proof, we can make do with the following hypotheses. We leave the details to the reader.
• A satisfies ACC(semiprime ideals).
• A is Goldie.
• There is some dimension function such that dim A ≤ dim A ′ whenever A ⊆ A ′ , and any semiprime ideal of A lifts up to a proper ideal of Q(A) (i.e., does not contain regular elements). The last condition is rather technical. In order to guarantee it, Bass used transcendence degree, and we used GK dimension in Theorem 3.10, but we are not familiar with other dimensions satisfying these properties, so we settle for the following result: Assume that A is embedded in A/J. J cannot contain any regular elements since GKdim A/J ≥ GKdim A. Hence J is contained in a proper ideal of Q(A) which, being semisimple, satisfies the ACC on annihilator ideals. A Faith-Utumi type argument [12] shows that Ann Q(A) J is the sum of those components of Q(A) disjoint from J, and they intersect to Ann A J. Now we follow the previous proof.
Unfortunately, the most familiar examples fit into the previous known results: Affine semiprime PI-algebras, and enveloping algebras of finite dimensional Lie algebras (since they are Noetherian).
Open question
The following questions are related to the Hopfian and Bassian properties.
• What condition on an algebra A satisfying ACC(prime ideals) makes it Hopfian? (Being affine PI is not enough, in view of Remark 2.2.) Is it enough that A is finitely presented? • Does the enveloping algebra of the centerless Virasoro algebra satisfy ACC(prime ideals)? ACC(semiprime ideals)? ACC(ideals)? • Is the enveloping algebra of the centerless Virasoro algebra Bassian? Hopfian?
